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TRIBONACCI NUMBERS AND PRIMES OF THE FORM p = x2 + 11y2.
TIM EVINK* AND PAUL ALEXANDER HELMINCK**
Abstract. In this paper we show that for any prime number p not equal to 11 or 19, the
Tribonacci number Tp−1 is divisible by p if and only if p is of the form x2 + 11y2. We first
use class field theory on the Galois closure of the number field corresponding to the polynomial
x3−x2−x−1 to give the splitting behavior of primes in this number field. After that, we apply
these results to the explicit exponential formula for Tp−1. We also give a connection between
the Tribonacci numbers and the Fourier coefficients of the unique newform of weight 2 and level
11.
1. Introduction
Let (Tn) be the Tribonacci sequence, defined by the recurrence relation
Tn+3 = Tn+2 + Tn+1 + Tn (1.1)
and the initial values T0 = 0, T1 = 1 and T2 = 1. In this paper we will prove the following theorem:
Theorem 1.1. Let p be a prime number not equal to 11 or 19. Then Tp−1 is divisible by p if and
only if p = x2 + 11y2 for x, y ∈ Z.
The extra conditions given by p 6= 11, 19 are indeed necessary, since T10 = 149 is not divisible
by 11 and 11 is of the form x2 + 11y2, and T18 = 19513 = 19 · 1027 is divisible by 19, even though
19 is not of the form x2 + 11y2. The authors are under the impression that this second exception
has no deeper number-theoretic relevance and deem it to be an accident of sorts. Indeed, its
sudden appearance in the proof of Theorem 1.1 will probably make this point of view clear. The
appearance of 11 in this Theorem however is natural, as it is one of the ramifying primes in the
extension Q ⊂ Q(α), where α is a root of x3 − x2 − x− 1.
There is an analogous statement for Fibonacci sequences, whose proof can be found in [CBK+46,
Lehrsatz, Page 76] or [Dic99, Volume 1, Chapter XVII]. For a prime number p not equal to 2 or 5,
it states that Fp−1 is divisible by p if and only if 5 is a square in Fp, which happens exactly when
p ≡ 1, 4 mod 5. Note that 5 is the only ramifying prime in the extension Q ⊂ Q(√5).
The proof of Theorem 1.1 uses class field theory to give the splitting behavior of primes in the
number field Q(α), where α is a zero of f = x3 − x2 − x− 1. Here we find that p splits completely
in Q(α) if and only if p = x2 +11y2. In other words, f mod p has three distinct zeros in Fp if and
only if p = x2 + 11y2. We then use this criterion on the known explicit formula for the Tribonacci
sequence in terms of the zeros of f = x3 − x2 − x − 1. These formulas are exponential of nature,
allowing us to reduce them using Frobenius.
For the Tetranacci numbers, defined by Tn+4 = Tn+3 + Tn+2 + Tn+1 + Tn and T0 = 0, T1 = 1,
T2 = 1 and T3 = 2, the resulting polynomial f = x
4 − x3 − x2 − x− 1 has Galois group S4. Since
S4 is solvable, this means that one can again use class field theory on the intermediate fields. For
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the Pentanacci numbers (which are defined in a similar way), the resulting polynomial has Galois
group S5, which is not solvable, meaning that one cannot use class field theory here.
We have also included a connection between Theorem 1.1 and the Fourier coefficients of the
unique newform of weight 2 and level 11 in Section 4. This newform is given explicitly by
f = q
∞∏
n=1
(1− qn)2(1− q11n)2, (1.2)
where q = e2πiτ . The idea here is that the fixed field of the kernel of the representation of the
absolute Galois group on the 2-torsion of the modular curve X0(11) is the same as the number
field Q(α). Using some results on elliptic curves, this then gives a mod 2-criterion on the Fourier
coefficients of f for a prime to split in the number field Q(α). The final result is as follows.
Corollary 1.2. Let p be a prime not equal to 2, 11 or 19, let Tn be the n-th Tribonacci number
and let an(f) be the n-th Fourier coefficient of the unique newform of weight 2 and level 11. Then
the following are equivalent:
(1) Tp−1 ≡ 0 mod p.
(2) There exist x and y in Z such that p = x2 + 11y2.
(3) ap(f) ≡ 0 mod 2 and p ≡ 1, 3, 4, 5, 9 mod 11.
We conclude the paper by interpreting Corollary 1.2 in terms of Serre’s modularity conjecture
and representation theory, see Remarks 4.7 and 4.10 respectively.
2. Splitting behavior
Let α be a root of f = x3 − x2 − x − 1 and consider the cubic number field E = Q(α). The
polynomial f has discriminant −44 = −22 ·11, and since f ≡ (x−1)3 mod 2 and f(1) = −2 /∈ 22Z,
we see that Z[α] is regular and totally ramified over 2 by [Ste17, Theorem 3.1]. In particular we
obtain Z[α] = OE and ∆E = ∆(OE) = −44.
The splitting field of f over Q is L = E(
√−11). With K = Q(√−11), we have that L/K is a
cyclic extension of degree 3 and we will apply class field theory to this extension.
L
E
K
Q
2
3
3
2
We wish to compute the conductor f = fL/K . Any prime p 6= 2, 11 is unramified in E and hence
also in its normal closure L, so ordp(f) = 0 for any prime p of K not lying over 2 or 11.
Now 2 is inert in K as −11 ≡ 5 mod 8 and it is totally ramified in E. As the ramification index
is multiplicative in towers of field extensions, we conclude that the prime (2) of K ramifies in L.
We then see that (2) is tamely ramified in L/K and thus ord(2)f = 1. Let p11 denote the unique
prime over 11 in K. If p11 were to ramify in L, then 11 would be totally ramified in E. This would
imply that the different DE is divisible by the square of the prime over 11 in E and this would
then yield ord11(∆E) ≥ 2, which is not the case. One could also just factorize f modulo 11 to see
that 11 is not totally ramified. We conclude that p11 is unramified in L. As K is complex there
are no infinite primes dividing f, so we conclude that f = (2).
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This discussion implies that L is contained in the ray class field Hf. The degree [Hf : K] is the
order of the ray class group Clf, which fits inside the exact sequence
0 −→ (O/2)∗/im[O∗] −→ Clf −→ ClK −→ 0,
where O = OK . As ClK = 1, (O/2)∗ has order 3 and |Clf| divides 3, we conclude that Clf has
order 3, hence L = Hf = H2. We now prove
Theorem 2.1. With the notation as above, a prime p 6= 11 splits completely in L if and only if
p = x2 + 11y2 for some x, y ∈ Z.
Proof. Since L = Hf we have the Artin reciprocity law
Clf
∼−→ Gal(Hf/K),
which tells us that a prime p 6= (2) of K splits completely in L if and only if p = (x) for some
x ≡ 1 mod 2OK , see for example [Ste02, Theorem 1.12]. This will be the main ingredient of the
proof.
(⇒) Suppose that p splits completely in L. Then p splits in K so there is a prime p in K of
norm p that splits in L. Because of the Artin reciprocity law, this implies that p = (1 + 2a) for
some a ∈ OK . But 2a ∈ Z[
√−11], so we can write 1 + 2a = x + y√−11 for x, y ∈ Z. We then
conclude
p = NK/Q(p) = |NK/Q(1 + 2a)| = x2 + 11y2.
(⇐) Suppose that p = x2 + 11y2. We then have pOK = pq for p = (x + y(2a − 1)) and q =
(x − y(2a − 1)), where a = 1+
√−11
2 . Clearly p and q are not 1 so they both have norm p. In
particular they are prime ideals. They are distinct because p 6= 11 so p is split in K.
Reducing p = x2 + 11y2 modulo 2 we see that x+ y ≡ 1 mod 2. Reducing the generators of p and
q modulo 2OK then yields
x± y(2a− 1) ≡ x+ y + 2ay ≡ 1 mod 2OK ,
so we conclude from the Artin reciprocity law that p and q split in L, hence p splits completely in
L. 
Note that a prime p 6= 11 splits completely in E if and only if splits completely in the normal
closure L. As OE = Z[α], we see that the Kummer-Dedekind theorem yields that x3 − x2 − x− 1
has three distinct roots in Fp if and only if p splits completely in E. Thus the content of Theorem
2.1 can be rephrased by saying that for a prime p 6= 11 we have
x3 − x2 − x− 1 has three distinct roots modulo p ⇔ p = x2 + 11y2 for some x, y ∈ Z.
3. Tribonacci numbers
The Tribonacci sequence (Tn) is defined by the recurrence relation
Tn+3 = Tn+2 + Tn+1 + Tn, (3.1)
with initial values T0 = 0, T1 = 1 and T2 = 1. We label the three roots of x
3 − x2 − x − 1
by {α, β, γ}. We then easily see that the space V of all L-valued sequences (xn)n≥0 such that
xn+3 = xn+2 + xn+1 + xn is a vector space over L. Moreover, we have the following
Lemma 3.1. V is a three-dimensional vector space over L with basis {(αn), (βn), (γn)}.
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Proof. Every sequence (xn) satisfying 3.1 is uniquely determined by its initial values x0, x1 and
x2 in L. Since we are free to choose these, we see that V is three-dimensional. To see that the
proposed sequences form a basis, let e1, e2, e3 be the unique sequences in V determined respectively
by the initial values (1, 0, 0), (0, 1, 0) and (0, 0, 1). These three sequences form a basis of V and in
terms of this basis our sequences are given by the Vandermonde matrix
A =

 1 1 1α β γ
α2 β2 γ2

 , (3.2)
which has determinant (α − β)(α − γ)(γ − β) 6= 0. In other words, the sequences (αn), (βn), (γn)
form a basis for V , as desired. 
It now follows that we can write Tn = c1α
n + c2β
n + c3γ
n for ci ∈ L. The following Lemma
explicitly determines these ci.
Lemma 3.2. We have
c1 =
α
(α− β)(α − γ) , c2 =
β
(β − α)(β − γ) , c3 =
γ
(γ − α)(γ − β) . (3.3)
Proof. Plugging in T0 = 0, T1 = 1 and T2 = 1 in the equation Tn = c1α
n+ c2β
n+ c3γ
n, we obtain
the linear system
c1 + c2 + c3 = 0
c1α+ c2β + c3γ = 1,
c1α
2 + c2β
2 + c3γ
2 = 1.
Using Cramer’s rule, we then easily find the proposed solutions, as desired. 
Let us write
δ = (α− β)(α − γ)(β − γ).
Note that δ2 = ∆E and δ = −det(A), where A is the Vandermonde matrix from Equation 3.2.
Then
δ · Tn = αn+1(β − γ)− βn+1(α− γ) + γn+1(α− β). (3.4)
Note that both sides of Equation 3.4 contain elements of OL, the ring of integers in L. This allows
us to perform modular arithmetic on Tn inside OL.
Theorem 1.1. Let p be a prime number not equal to 11 or 19. Then Tp−1 is divisible by p if and
only if p = x2 + 11y2 for some x, y ∈ Z.
Proof. Let p be a prime of L lying over p. For p = 2, we clearly have that the theorem holds. We
now suppose that p 6= 2. Note that the elements occurring in Equation 3.4 are elements in OL,
which we can reduce modulo p. Doing this for n = p− 1 yields
δ · Tp−1 ≡ αp(β − γ)− βp(α − γ) + γp(α− β) mod p. (3.5)
(⇒) Suppose that p = x2 + 11y2. Theorem 2.1 implies that p splits completely in L, i.e. the
decomposition group Dp is trivial. The lift of the Frobenius automorphism of OL/p = Fp is then
the identity so that
δ · Tp−1 ≡ αp(β − γ)− βp(α− γ) + γp(α − β) mod p
= α(β − γ)− β(α− γ) + γ(α− β) mod p
= 0 mod p.
Since p is unramified in E and thus in L, we have δ 6≡ 0 mod p. We conclude that Tp−1 ≡ 0 mod p.
TRIBONACCI NUMBERS AND PRIMES OF THE FORM p = x2 + 11y2. 5
(⇐) Conversely, suppose that Tp−1 ≡ 0 mod p. We will show that Dp = (1). Since p is
unramified in L, we have that the decomposition group Dp is cyclic. This implies that Dp 6= S3.
We will now rule out |Dp| = 2 and |Dp| = 3.
Suppose that |Dp| = 2 and let σ be the automorphism given by σ(α) = β and σ(γ) = γ. As
Frobenius elements are conjugate, we may replace p with τp for some automorphism τ if necessary
so that σ = Frobp. This means that α
p ≡ β mod p, βp ≡ α mod p and γp ≡ γ mod p. Since we
also have Tp−1 ≡ 0 mod p by assumption, Equation 3.5 yields
β2 − α2 + 2γ(α− β) ≡ 0 mod p. (3.6)
Since β 6≡ α mod p, we find that β + α ≡ 2γ mod p. With α + β + γ = 1, this results in
γ ≡ 1/3 mod p. We also obtain αβ ≡ 3 mod p and α+ β ≡ 2/3 mod p. We then have
− 1 = αβ + αγ + βγ = αβ + (α+ β)γ ≡ 3 + 1/3 · 2/3 mod p = 29/9 mod p. (3.7)
We thus obtain 38 ≡ 0 mod p, which contradicts our assumption p 6= 2, 19.
Now assume that |Dp| = 3 and let σ be the automorphism determined by σ(α) = β, σ(β) = γ
and σ(γ) = α. Just as in the previous case we may assume without loss of generality that σ = Frobp.
This gives αp ≡ β mod p, βp ≡ γ mod p and γp ≡ α mod p. Using this on Equation 3.5 results in
α2 + β2 + γ2 ≡ αβ + αγ + βγ mod p = −1 mod p. (3.8)
We use this to obtain
12 = (α+ β + γ)2 = α2 + β2 + γ2 + 2αβ + 2αγ + 2βγ ≡ −3 mod p. (3.9)
In other words, p = 2, a contradiction. We conclude that Dp is indeed trivial. 
4. A connection with modular forms
In this section, we give the splitting behavior of primes in the number field Q(α) with α3−α2−
α− 1 = 0 using the unique newform of weight 2 and level 11. In the process, we will demonstrate
a particular case of Serre’s conjecture on odd two-dimensional Galois representations, see Remark
4.7. This approach was suggested to us by Prof. Jaap Top. For more background material, we
refer the reader to [Sil09] for an introduction to elliptic curves and [DS16] for an introduction to
modular forms. We would also like to refer the reader to [Shi66], where reciprocity laws similar to
the one in Proposition 4.6 were obtained using the unique newform of weight 2 and level 11.
Throughout this section, GQ = Gal(Q/Q) will denote the absolute Galois group of Q. Let A be
the elliptic curve defined by the Weierstrass equation
A : y2 + y = x3 − x2 − 10x− 20. (4.1)
This elliptic curve has conductor 11 (it has semistable reduction at 11 and good reduction at
the other primes) and is in fact isomorphic to the modular curve X0(11), as shown in [Wes18].
We will write X0(11)C = X0(11) ×Spec(Q) Spec(C) for the base change of X0(11) to Spec(C) and
X0(11)
an for the complex analytification of X0(11)C as in [Ser56]. Simply put, the equations that
define X0(11)C also canonically define a compact Riemann surface and we denote that Riemann
surface by X0(11)
an. We will write Ω(X0(11)
an) for the sheaf of 1-forms on the Riemann surface
X0(11)
an and H0(Ω(X0(11)
an)) for its global sections. These global sections are also known as the
holomorphic differentials on X0(11)
an. By [Shi71, Corollary 2.17], there is an isomorphism
S2(Γ0(11))→ H0(Ω(X0(11)an)). (4.2)
Since X0(11)
an is an elliptic curve, this last space is one dimensional. To be explicit, it is generated
as a C-vector space by the holomorphic 1-form
ω :=
dx
2y + 1
, (4.3)
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where x and y are as in Equation 4.1. For a proof that ω is holomorphic, see [Sil09, Chapter 3,
Proposition 1.5]. We find that there is exactly one normalized cusp form of weight 2 and level 11.
Explicitly, it is given by
f := q
∞∏
n=1
(1− qn)2(1− q11n)2 = η(τ)2 · η(11τ)2, (4.4)
where q = e2πiτ and η(τ) is the Dedekind eta function. See [DS16, Proposition 3.2.2] for a more
general result on these twisted products of eta functions. Viewing f as a power series in q, we write
f =
∑∞
n=1 anq
n. Note that we can recover the an by considering finitely many terms in Equation
4.4 (although this is a highly inefficient way of calculating them). Throughout this section, we will
also use the notation an(g) for the n-th coefficient of any newform g.
Let ap(A) = p + 1 −#A(Fp), where A is as in Equation 4.1. We have the following theorem,
whose proof is mostly based on the famous Eichler–Shimura relation, see [DS16, Theorem 8.7.2].
Theorem 4.1. Let X0(N) → E be a non–constant morphism over Q from the modular curve
X0(N) to an elliptic curve E, where E has conductor NE (see [DS16, Section 8.3]). Then for
some newform g ∈ S2(Γ0(Mg)) where Mg|N , we have
ap(g) = ap(E) (4.5)
for all p ∤ N ·NE.
Proof. See [DS16, Theorem 8.8.2]. We would also like to direct the reader to [Shi66, Section 6],
where this result was obtained for the unique newform f of weight 2 and level 11 and the elliptic
curve A considered in Equation 4.1. 
Corollary 4.2. Let f be as in Equation 4.4 and let A be the elliptic curve from Equation 4.1.
Then for any prime number p 6= 11, we have that
ap(f) = ap(A). (4.6)
Let us now consider the elliptic curve B defined by the Weierstrass equation
B : y2 = x3 − x2 − x− 1. (4.7)
Consider the representation
ρB,2 : GQ → Aut(B[2]) (4.8)
of GQ on the 2-torsion of B. This representation is intimately connected to our number field Q(α)
and the corresponding Galois closure L. Let us explain this in more detail. The kernel of ρB,2
corresponds to a finite field extension of Q, which is obtained by adding the x and y coordinates
of the non-infinite 2-torsion points to Q, see [ST15, Section 6.3]. For any elliptic curve defined by
a Weierstrass equation of the form y2 = h(x), the 2-torsion points are defined by the points with y
coordinate equal to 0 by [ST15, Theorem 2.1], so we see that there is a natural bijection between
the roots of x3−x2−x−1 and the set of nontrivial 2-torsion points on B. Furthermore, the group
GQ acts on these 2-torsion points (α, 0) by
σ : (α, 0) 7→ (σ(α), 0), (4.9)
so we obtain an isomorphism
GQ/ker(ρB,2) ≃ Gal(L/Q) ≃ S3. (4.10)
We have thatGQ/ker(ρB,2) injects into Aut(B[2]), so by comparing orders we obtainGQ/ker(ρB,2) ≃
Aut(B[2]). We then obtain an identification of Gal(L/Q) with GL2(F2) by choosing a basis of B[2].
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In other words, we can identify elements of the Galois group of L/Q with matrices in GL2(F2)
after choosing a basis.
We now have the following Lemma:
Lemma 4.3. There exists an isomorphism of GQ-modules A[2] ≃ B[2].
Proof. We will follow [Sil09, Section 3.1] to transform the long Weierstrass equation in Equation
4.1 into a short Weierstrass equation. We complete the square in Equation 4.1 with y′ = y + 1/2
and obtain
y′2 = x3 − x2 − 10x− 20 + 1/4. (4.11)
Taking x′ = x− 1/3, we then obtain
y′2 = (x′)3 − 31/3 · x′ − 2501/108. (4.12)
Using one final set of transformations given by y′′ = 23 · 33 · y′ and x′′ = 22 · 32 · x′ leads to the
short Weierstrass form
y2 = x3 − 13392x− 1080432, (4.13)
where y = y′′ and x = x′′. As we saw before the Lemma, the 2-torsion subgroupX [2] of any elliptic
curve X in Weierstrass form y2 = h(x) consists of the three points with y-coordinate equal to 0
together with the point at infinity. We will use this to construct an isomorphism of GQ-modules
B[2]→ A[2].
Consider the splitting fields Lh1 and Lh2 of the polynomials h1(x) := x
3 − x2 − x − 1 and
h2(x) := x
3 − 13392x − 1080432. By definition, we have Lh1 = L, where L is as defined in
Section 2. Writing α for a root of x3 − x2 − x − 1, we easily find that α′ := 72α2 − 18α − 66
satisfies h2(α
′) = 0. This implies that Lh2 = L. We now explicitly give the desired isomorphism
of GQ-modules φ : B[2]→ A[2]. It is given by
φ : (σ(α), 0) 7→ (σ(α′), 0) (4.14)
for any σ ∈ Gal(L/Q). Note that these are well-defined by the fact that the splitting fields of h1
and h2 are the same. An easy check then shows that φ is a bijective homomorphism that commutes
with the action of GQ. We conclude that φ is an isomorphism of GQ-modules, as desired. 
Now let p be any prime not equal to 2, 11. Consider the 2-adic Tate module T2(A) as defined
in [Sil09, Section 3.7]. Choosing a Z2-basis {P1, P2} of T2(A), we obtain a representation
ρA,2 : GQ → GL2(Z2). (4.15)
The images of P1 and P2 under the map T2(A)→ A[2] then give rise to a representation
ρA,2 : GQ → GL2(F2), (4.16)
which fits in a commutative diagram with the reduction map r : GL2(Z2)→ GL2(F2) as follows:
GQ GL2(Z2)
GL2(F2).
ρA,2
ρA,2
r (4.17)
Let Dp be a decomposition group in GQ and let Frobp be a Frobenius element in Dp. That is,
Frobp is an element of GQ such that its image in the quotient
Dp/Ip ≃ Gal(Fp/Fp) (4.18)
is the Frobenius automorphism x 7→ xp. We note that the restriction of Frobp to L (which is the
Galois closure of Q(α)/Q) is a Frobenius element above p of the Galois group of L over Q. We
now have the following two standard facts on elliptic curves and number fields:
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Lemma 4.4. Let p be a prime number not equal to 2 or 11. Then
tr(ρA,2(Frobp)) ≡ ap(A) mod 2.
Proof. By [DS16, Theorem 9.4.1], we have that
tr(ρA,2(Frobp)) = ap(A). (4.19)
Using the commutative diagram in Equation 4.17, we then obtain
tr(ρA,2(Frobp)) ≡ ap(A) mod 2. (4.20)
This finishes the proof.

Lemma 4.5. ρA,2(Frobp) = Id if and only if p splits completely in L.
Proof. This follows from the earlier mentioned fact that the restriction of a Frobenius element is
again a Frobenius element. 
Let χ : (Z/11Z)∗ → {±1} be the unique nontrivial quadratic character. It is given by
χ(n) = 1 if n ≡ 1, 3, 4, 5, 9 mod 11,
χ(n) = −1 if n ≡ 2, 6, 7, 8, 10 mod 11.
Since Q(
√−11) ⊆ Q(ζ11), we obtain that p splits completely in Q(
√−11) if and only if χ(p) = 1.
We then obtain the following criterion for p to split completely in L:
Proposition 4.6. A prime p not equal to 2 or 11 splits completely in L if and only if ap(f) =
ap(A) ≡ 0 mod 2 and p ≡ 1, 3, 4, 5, 9 mod 11.
Proof. Suppose that ap(f) ≡ 0 mod 2 and p ≡ 1, 3, 4, 5, 9 mod 11. Using Lemma 4.4 and Corollary
4.2, we see that tr(ρA,2(Frobp)) ≡ 0 mod 2. The only invertible 2×2-matrices over F2 having trace
zero are given by (
1 0
0 1
)
,
(
0 1
1 0
)
,
(
1 0
1 1
)
,
(
1 1
0 1
)
. (4.21)
The non-identity matrices all correspond to elements of the Galois group that restrict to nontrivial
elements of Gal(Q(
√−11)/Q). Using χ(p) = 1, we see that ρA,2(Frobp) must be the identity
matrix. By Lemma 4.5, we conclude that p splits completely in L, as desired.
Conversely, suppose that p splits completely in L. Then the Frobenius element above p is the
identity. In other words, ρA,2(Frobp) = Id, which yields the equation tr(ρA,2(Frobp)) ≡ 0 mod 2.
Since p splits completely in L, it also splits completely in K, meaning that p ≡ 1, 3, 4, 5, 9 mod 11
by the quadratic reciprocity law, as desired. 
Corollary 1.2. Let p be a prime not equal to 2, 11 or 19, let Tn be the n-th Tribonacci number
and let an(f) be the n-th Fourier coefficient of the unique newform of weight 2 and level 11. Then
the following are equivalent:
(1) Tp−1 ≡ 0 mod p.
(2) There exist x and y in Z such that p = x2 + 11y2.
(3) ap(f) ≡ 0 mod 2 and p ≡ 1, 3, 4, 5, 9 mod 11.
Remark 4.7. (Serre’s conjecture) We now explain our choice for A and B. We chose B because
the x coordinates of the 2-torsion of B define the Galois closure L of the number field K over Q.
Our choice for A has to do with Serre’s conjecture on odd irreducible two-dimensional continuous
representations ρ : GQ → GL2(Fp), which we now recall. For more background information, we
refer the reader to [RS18, Chapter 1], [DS16, Section 9.6] and [ECdJ+11, Chapter 2].
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Let f =
∑
n≥1 anq
n be a normalized eigenform in the space Sk(Γ1(N)) of complex weight-k cusp
forms on the subgroup Γ1(N) of SL2(Z), where k ≥ 2 and N ≥ 1. We thus have that a1 = 1 and
f |Tn = an · f for all n ≥ 1, where Tn is the n-th Hecke operator. There furthermore is a character
χ : (Z/NZ)∗ → C∗ that describes the action of the diamond operator 〈d〉 on f by f |〈d〉 = χ(d) · f .
We will write Sk(Γ1(N), χ) for the cusp forms that have character χ. LetKf be the field generated
by the Fourier coefficients an of f over Q. This is a finite extension of Q, see [DS16, Page 234].
We will write OKf for the ring of integers in Kf . For any maximal ideal λ in OKf , we write
Kf,λ for the completion of Kf with respect to the absolute value induced by λ and OKf,λ for the
corresponding ring of integers. We now have the following theorem.
Theorem 4.8. Let f ∈ Sk(Γ1(N), χ) be a normalized eigenform with number field Kf . Let ℓ
be a prime. For each maximal ideal λ of OKf lying over ℓ, there is an irreducible continuous
two-dimensional Galois representation
ρf,λ : GQ → GL2(Kf,λ). (4.22)
This representation is unramified at primes p ∤ ℓN . For any such p, let Frobp ∈ GQ be a Frobenius
automorphism. Then the characteristic polynomial of ρf,λ(Frobp) is given by
x2 − ap(f)x+ χ(p)pk−1. (4.23)
Proof. See [DS16, Theorem 9.6.5] and [ECdJ+11, Theorem 2.4.1]. 
Note that Equation 4.23 implies that tr(ρf,λ(Frobp)) = ap(f) and det(ρf,λ(Frobp)) = χ(p)p
k−1.
By a simple compactness argument as given in [DS16, Proposition 9.3.5], we can find a basis of
the Kf,λ-vector space V := (Kf,λ)
2 such that ρf,λ is similar to a representation ρ
′
f,λ : GQ →
GL2(OKf,λ ). We again write ρf,λ for this representation. We then automatically obtain a reduced
representation
ρf,λ : GQ → GL2(OKf,λ/λOKf,λ). (4.24)
Viewing the residue field OKf,λ/λOKf,λ as a subfield of Fℓ, we thus obtain a representation ρ′f,λ :
GQ → GL2(Fℓ). We will also denote this representation by ρf,λ.
We now consider the ”inverse problem” of the construction above. Let ρ : GQ → GL2(Fℓ) be
any odd, continuous, irreducible representation. By odd, we mean that the the image of a complex
conjugation automorphism c ∈ GQ under det ◦ ρ is equal to −1. We can attach a level N(ρ) to ρ
as follows (see [RS18, Section 1.3] and [Cai07, Section 3.1]). It is a product
N(ρ) =
∏
p6=ℓ
pnp , (4.25)
where the np are defined as follows. Let Ip be an inertia group above p and let V = F
2
ℓ be the
vector space on which GQ acts. Let
V Ip = {v ∈ V : ρ(σ)(v) = v for all σ ∈ Ip}. (4.26)
Then
np = dim(V/V
Ip) + Swan(V ), (4.27)
where Swan(V ) is the wild part of ρ, which is given by
Swan(V ) =
∞∑
i=0
1
[G0 : Gi]
· dim(V/V Gi). (4.28)
Here G0 = Ip and the Gi are the higher ramification groups. The weight k(ρ) corresponding to ρ
is somewhat harder to define, so we refer the reader to [RS18, Chapter 2], [Cai07, Section 5.4] and
[Ser87, §2].
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We can now state Serre’s conjecture on odd irreducible two-dimensional representations of GQ:
Theorem 4.9. (Serre’s conjecture) Let ρ : GQ → GL2(Fℓ) be an odd, continuous, irreducible rep-
resentation of GQ. Then ρ is isomorphic to ρf,λ for some f and λ as in Theorem 4.8. Furthermore,
the weight and level of f are equal to k(ρ) and N(ρ) respectively.
Proof. This was proved by Khare and Wintenberger in [KW09a] and [KW09b]. 
Let us now state the relevance of Theorem 4.9 in finding the normalized eigenform f as in
Equation 4.4 and the elliptic curve A. Let B be the elliptic curve as defined in Equation 4.7. We
will write ρ for the representation ρB,2 : GQ → GL2(F2) induced by the 2-torsion points of B. The
fixed field of the kernel of ρ is then equal to L. By Theorem 4.9, there exists some normalized
eigenform f with a maximal ideal λ of OKf such that ρf,λ is isomorphic to ρ. Let us calculate the
level N(ρ). Note that for any prime not equal to 2 or 11, the representation is unramified and thus
n(p) = 0. By unramified, we mean that the image of any inertia group Ip is trivial under ρB,2. By
definition, we have that N(ρ) contains no powers of 2, so N(ρ) is a power of 11. More explicitly, let
I11 be an inertia group above 11. Then its image in GL2(F2) has order 2, since 11 ramifies in the
quadratic extension Q ⊂ K and not in the cubic extension K ⊂ L. Furthermore, there is exactly
one 2-torsion point P that it fixes (one can invoke the orbit-stabilizer theorem from group theory
here), so we find that dim(V I11) = 1 and consequently n(11) = 1. Indeed, the higher ramification
groups are all trivial, so the Swan conductor is trivial.
The weight k(ρ) can be calculated as follows. We refer the reader to [Cai07, Section 5.3] for
the definition and the relevant concepts. The image ρ(I2) of an inertia group I2 above 2 has order
three, see our calculations in Section 2. In GL2(F22), we can then write the restriction as
ρ|I2 =
(
χ3 0
0 χ23
)
, (4.29)
where χ3 is a cyclotomic character of F
∗
22 of order three. That is to say, writeM = ρ(σ) for a σ ∈ I2
mapping to an element of order three. Then M satisfies M2+M + I = 0 by the Cayley–Hamilton
theorem from linear algebra. Let λ ∈ F22 satisfy λ2 + λ + 1 = 0 and consider an element v such
that Mv = λv. With respect to the basis {v, v¯}, M is then given by
M =
(
λ 0
0 λ2
)
. (4.30)
Here v¯ is the conjugate of v under the action of Gal(F22/F2). We now see that the restriction of
the representation ρ to an inertia group I2 is described by two characters of level 2 (as defined in
[Cai07, Definition 3.3.2]). We conclude from [Cai07, Definition 5.4.1] that the optimal weight k(ρ)
is equal to 2. This case is also known as the supersingular case, see [RS18, Section 2].
By Theorem 4.9, we now know that there is a normalized eigenform f of level 11 and weight
2 such that ρf,λ (as given by Theorem 4.8) is isomorphic to our representation ρ. We are thus
naturally led to consider the curves X0(11) and X1(11). The curve X0(11) is exactly our curve A
and by Lemma 4.3, we find that the corresponding representation ρA,2 coincides with ρB,2. We
thus see that our choice for A is quite natural from the viewpoint of Serre’s conjecture.
These ideas give a general starting point for finding normalized cusp forms that give reciprocity
laws for number fields Lh defined by a cubic polynomial h(x) over Q with Galois group equal to
S3. We first determine the level N(ρ) of the representation ρ : GQ → GL2(F2) arising from the
2-torsion of the elliptic curve X given in Weierstrass form by
X : y2 = h(x). (4.31)
We then calculate the optimal weight k(ρ) as in [Cai07, Section 5.4] and [RS18, Section 2]. Using
Theorem 4.9, we see that there exists a normalized eigenform f of weight k(ρ) and level N(ρ) whose
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corresponding representation as in Theorem 4.8 is equivalent to ours. Together with a version of
quadratic reciprocity on the quadratic subfield (compare with the condition p ≡ 1, 3, 4, 5, 9 mod 11
in Proposition 4.6), we then obtain a reciprocity law for primes p to split in L as in Proposition
4.6.
Remark 4.10. (Interpretation in terms of representation theory) The matrices appearing in Equa-
tion 4.21 form two conjugacy classes. Using the relation tr(ρ(Frobp)) ≡ 0 mod 2, we were able prove
that the conjugacy class of a Frobenius automorphism equals one of these two classes. To be able
to conclude that the conjugacy class of Frobp is the conjugacy class of the identity matrix, we
needed the extra condition afforded by the unique nontrivial quadratic character of (Z/11Z)∗.
We now interpret these relations in terms of representation theory. The group in question is the
Galois group of L/Q, which is isomorphic to S3. This group has three irreducible representations,
two of degree one and one of degree two. To determine the splitting behavior of a prime, it suffices
to know the conjugacy class of a Frobenius automorphism above p. We do this using the concept
of class functions. These are functions
f : G→ C (4.32)
such that f(sts−1) = f(t) for every s and t in G, see [Ser77, Chapter 2]. A basic result in
representation theory then says that the characters of the irreducible representations form an
orthonormal basis for the vector space of all class functions, see [Ser77, Page 19, Theorem 6]. We
can thus write every class function as a unique linear combination of these characters
f =
∑
i
ciχi. (4.33)
In particular, we can write the indicator function of any conjugacy class Ci ⊂ G as a linear
combination of the characters of the irreducible representations. Suppose now that we know
χi(Frobp) for every i. We can then evaluate the indicator functions 1Ci of the conjugacy classes
Ci at Frobp. The resulting data then immediately tells us what conjugacy class Frobp is in.
There is a slight problem however in the connection between our representation ρ : G→ GL2(F2)
and the theory mentioned above: this representation ρ is in characteristic two. One can however
embed GL2(F2) in GL2(Z), which also gives an embedding into GL2(C), see [DS16, Chapter 9,
Page 371] for the embedding.
At any rate, we now clearly see why we needed the second condition on p afforded by the qua-
dratic character: it corresponds to the other nontrivial irreducible representation of S3. Together
with the irreducible representation of degree two, this completely determines the conjugacy class
of the Frobenius automorphism.
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